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MODULAR SHIMURA VARIETIES AND FORGETFUL MAPS

VICTOR ROTGER

Abstract. In this note we consider several maps that occur naturally between
modular Shimura varieties, Hilbert-Blumenthal varieties and the moduli spaces
of polarized abelian varieties when forgetting certain endomorphism structures.
We prove that, up to birational equivalences, these forgetful maps coincide with
the natural projection by suitable abelian groups of Atkin-Lehner involutions.

Introduction

Let F be a totally real number field of degree [F : Q] = n and let B be a totally
indefinite quaternion algebra over F . In this note we will be concerned with certain
Shimura varieties XB attached to an arithmetic datum arising from B and several
maps that occur naturally between them.

As complex manifolds, these varieties can be described as quotients of certain
bounded symmetric domains by arithmetic groups acting on them, and, by the
theory of Baily-Borel ([BaBo]), they become quasi-projective complex algebraic va-
rieties. Shimura discovered a moduli interpretation of these varieties which allowed
him to construct canonical models XB/Q over the field Q of rational numbers.
Shimura also explored their arithmetic, showing that the coordinates of so-called
Heegner points on XB generate certain class fields and that the Galois action on
them can be described by explicit reciprocity laws ([Sh1], [Sh2]).

The nature of the Shimura varieties XB differs notably depending on the exis-
tence or absence of zero divisors in B. When B is the split algebra M2(F ), the
varieties XB are classically called Hilbert-Blumenthal modular varieties. These are
non-complete, and suitable compactifications of them can be constructed, though
at the cost of producing new singularities. The literature on them is abundant,
especially on the low dimensional cases (in dimension 1, these are called modular
curves and have become crucial in many aspects of number theory; in dimension 2,
a reference to Hilbert modular surfaces is van der Geer’s book [vdGe]).

On the other hand, when B is non-split, that is, it is a division algebra, then the
emerging Shimura varietiesXB/Q are already projective. This fact makes the study
of their arithmetic highly difficult since, in the Hilbert-Blumenthal case, much of
it is encoded in the added cusps. In remarkable contrast to Hilbert-Blumenthal
varieties, Shimura proved that, when B 6' M2(F ), the varieties XB do not have
real points and therefore do not have rational points over any number field that
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admits a real embedding. In the last years, there has been increasing interest in
Shimura curves arising from rational indefinite quaternion algebras, since they play
a crucial role in modularity questions (cf. [HaHaMo] or [Ri], for instance).

From the modular point of view, there are natural maps

π : XB → Ag,(d1,...,dg)

from XB into the moduli spaces of polarized abelian varieties that involve forgetting
some additional structures. Further, for any totally real field L containing F and
embedded in B, these maps factor through a morphism πL : XB → HL into a
Hilbert-Blumenthal modular variety (cf. Section 2).

It is the purpose of this note to describe in detail the nature of these morphisms
and their image in the several moduli spaces of abelian varieties. As we will see,
π and πL are quasifinite maps and the mere computation of their degree turns out
to be unexpectedly subtle, as it is based on arithmetic questions on B that were
recently studied by Chinburg and Friedman in a number of papers in relation with
arithmetic hyperbolic 3-orbifolds (cf. [ChFr1], [ChFr2]).

In the first section we briefly recall some basic facts on quaternion algebras that
we need throughout the article. Next, in Section 2 we review the construction due
to Shimura of the varieties we will be dealing with and the above mentioned maps.
In the third section, we introduce several Atkin-Lehner groups of automorphisms
acting on them and describe their modular interpretation. In Section 4 we introduce
what we call the stable and twisting Atkin-Lehner groups and we state our main
result in Theorem 4.4.

The rest of the note is devoted to presenting the proof of Theorem 4.4. To do
so, in Section 5 we introduce what we call the B-part of the Néron-Severi group
of an abelian variety whose algebra of endomorphisms End(A) ⊗ Q contains the
quaternion algebra B.

In closing this introduction, we would point out two different applications of
the results presented in this note. The first one concerns the geometry of the
quaternionic locus QO = {[A,L],End(A) ⊇ O} of abelian varieties admitting mul-
tiplication by a maximal order O in the moduli space Ag of principally polarized
abelian varieties of even dimension g. By means of Theorem 4.4 and Eichler’s the-
ory on optimal embeddings, the number of irreducible components of QO can be
related to certain class numbers, and conditions can be given for its irreducibility.
The emerging picture bears a remarkable resemblance to the classical theory of
genus of quadratic forms and idonei numbers (cf. [Ro4]).

Secondly, Theorem 4.4 can also be used to explore the arithmetic of QM-abelian
varieties. Indeed, in [Ro3], we use it to describe the field of moduli of the quater-
nionic endomorphisms acting on them.

Finally, the results of this paper are also used by Clark in [Cl] in relation to
abelian surfaces with potential quaternionic multiplication and their moduli.

1. An overview of quaternion algebras

In this section let F denote an arbitrary number field. Let B be a quaternion
algebra over F , that is, a simple algebra of rankF (B) = 4 over its centre F . Ele-
ments i, j ∈ B can be chosen such that B = F + Fi+ Fj + Fij with the relations
ij = −ji and i2 = a, j2 = b ∈ F ∗. The classical notation for it is B =

(
a,b
F

)
.
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A place v of F , archimedean or not, is said to ramify in B if B⊗Fv is a division
algebra over the completion Fv of F at v. When v is archimedean, in this case we
also say that B is definite at v and otherwise we call it indefinite. A quaternion
algebra that is indefinite at all archimedean places is called totally indefinite.

There are finitely many places of F that ramify in a quaternion algebra B, and
they occur in an even number. The discriminant ideal of B is the (square-free)
product disc(B) =

∏
p of the finite primes that ramify in B.

Let β = x+ yi+ zj+ tij 7→ β̄ = x− yi− zj− tij denote the conjugation map on
B. Then the reduced trace and reduced norm of β are defined as tr(β) = β+ β̄ ∈ F
and n(β) = ββ̄ ∈ F respectively. An element β ∈ B of null reduced trace tr(β) = 0
is called pure and, for any sub-module I of B, we will denote by I0 ⊆ B0 the group
of pure quaternions of I. An element β ∈ B is integral over the ring of integers
RF of F if both tr(β) and n(β) lie in RF . An order O of integers in B is an
RF -finitely generated subring of integral elements such that O ⊗RF F = B. It is
called a maximal order if it is not properly contained in any other. Unlike number
fields, maximal orders are not unique. The type number t(B) of B is the number of
B∗-conjugation classes of maximal orders in B.

A left ideal of a maximal order O is an RF -finitely generated module I ⊂ B with
I ⊗RF F = B and O · I = I. The ideal is two-sided if in addition I · O = I. We
will often consider I in Pic`(O), that is, up to principal O-left ideals Oβ, β ∈ B∗.
See [Vi], p. 25, for details. The conjugate ideal of an ideal I in B is the ideal
Ī = {β̄, β ∈ I}. If I is a left ideal of a maximal order O, then Ī is a right O-ideal.
The product ideal I · Ī is then a two-sided ideal of O, and we actually have that
N (I) := n(I)O = I · Ī.

Finally, if K ⊂ F is any sub-field of F , the codifferent of I overK is defined to be
I]B/K = {β ∈ B : trB/K(Iβ) ⊆ RK}. It is a right ideal of O. In our considerations

on Néron-Severi groups, the group N (I)]0 of pure quaternions of the codifferent of
the norm ideal N (I) over Q will play an important role (cf. Section 5).

Assume now that F is totally real and let F ∗+ denote the group of totally positive
elements. We will also let R∗F+

stand for the group of totally positive units in R∗F . A
positive (anti-)involution % on B is a map % : B → B such that (β1 +β2)% = β%1 +β%2
and (β1 · β2)% = β%2 · β

%
1 for any β1, β2 ∈ B, and such that tr(β · β%) ∈ F ∗+ for any

β ∈ B∗.
By the Skolem-Noether Theorem, if % is a positive (anti-)involution, there exists

µ ∈ B∗ such that β% = µ−1β̄µ. Further, it is easily shown ([Ro2]) that the positive-
ness of % implies that tr(µ) = 0 and n(µ) ∈ F ∗+. The element µ is determined up to
multiplication by elements of F ∗, and we will sometimes use the notation % = %µ.

2. Shimura varieties and maps between them

Let F be a totally real number field of degree n and B a totally indefinite
quaternion algebra over it. Call D = disc(B) = p1 · ... · p2r its discriminant.

Fix a datum (O, I, %) consisting of a maximal order O in B, a left O-ideal I (or
rather its class in Pic`(O)) and a positive involution %µ with µ ∈ O, µ2 + δ = 0,
δ ∈ F ∗+. Attached to the datum (O, I, %) there is the following moduli problem
over Q: classifying isomorphism classes of triplets (A, ι,L) where

• A is an abelian variety of dimension g = 2n.
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• ι : O ↪→ End (A) is a ring homomorphism such that H1(A,Z), regarded
as a left O-module, is isomorphic to the left ideal I.
• L is a primitive polarization on A such that the Rosati involution ◦ :

End0(A) → End0(A) with respect to L on End0(A) = End(A) ⊗Z Q coin-
cides with % when restricted to ι(O): ◦|ι(O) = % · ι.

This triplet will be referred to as a polarized abelian variety with multiplica-
tion by O. Two triplets (A1, ι1,L1), (A2, ι2,L2) are isomorphic if there exists an
isomorphism α ∈ Hom(A1, A2) such that αι1(β) = ι2(β)α for any β ∈ O and
α∗(L2) = L1 ∈ NS(A1). We recall that a polarization L ∈ NS(A) is called primi-
tive if L 6∈ d ·NS(A) for any d ∈ Z, d ≥ 2. Its type is then (1, d2, ..., dg) for di | di+1,
i = 2, ..., g − 1. Remark also that, since a priori there is not a canonical structure
of RF -algebra on End(A), the immersion ι : O ↪→ End(A) is just a homomorphism
of rings (or Z-algebras).

The corresponding moduli functor is coarsely represented by an irreducible and
reduced quasi-projective scheme XB/Q = X(O,I,%)/Q over Q and of dimension
n = [F : Q]. Moreover, if B is division (that is, r > 0), the Shimura variety XB is
complete (cf. [Sh1], [Sh2]).

Complex analytically, the manifold XB(C) can be described as the quotient of
a symmetric space by the action of a discontinuous group as follows. Since B is
totally indefinite, we may fix an embedding B ↪→ B ⊗Q R '→ M2(R) ⊕ ... ⊕M2(R)
and regard the group ΓB = O1 = {γ ∈ O∗, n(γ) = 1} as a discrete subgroup of
SL2(R)n. An element γ = (γ1, ..., γn) ∈ ΓB acts on the cartesian product H

n of
n copies of Poincaré’s upper half plane H = {x + yi, x, y ∈ R, y > 0} by Moebius
transformations: γ · (τ1, ..., τn)t = (a1τ1+b1

c1τ1+d1
, ..., anτn+bn

cnτn+dn
)t where γi =

(
ai bi
ci di

)
∈

SL2(R). Then
ΓB\Hn ' XB(C).

2.1. The maps into Ag, HF and HL. Now let (A, ι,L) be a (primitively) polar-
ized abelian variety with multiplication by O with respect to the datum (O, I, %).
Note that the type (1, d2, ..., dg) of L was not specified when posing the above mod-
uli problem. However, since X(O,I,%) is connected, the type of L depends only on
the datum (O, I, %) and not on the particular triplet (A, ι,L). Thus (1, d2, ..., dg)
will often be referred to as the type of (O, I, %). This observation allows us to define
a natural morphism

π : X(O,I,%) −→ Ag,(1,d2,...,dg)

(A, ι,L) 7→ (A,L)

from the Shimura variety to the moduli space of polarized abelian varieties of type
(1, d2, ..., dg) that consists of forgetting the quaternionic endomorphism structure.
This morphism is representable, proper and defined over Q. Moreover, as we now
explain, the morphism π : X → Ag,(1,d2,...,dg) factors in a natural way through
certain Hilbert modular varieties.

Definition 2.1. An Eichler pair (S, ϕ) for O is a pair consisting of
• an order S over RF in a quadratic extension L of F and
• an RF -embedding ϕ : S ↪→ O such that ϕ(S) = ϕ(L) ∩ O.

An Eichler pair is totally real if L is.

Note that not all orders S in quadratic extensions L of F can be embedded in
O. Namely, by Eichler’s theory on optimal embeddings ([Vi], 5. C), there exists
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an embedding ϕ of the ring of integers RL of L into O iff any prime ideal p of F
that ramifies in B either remains inert or ramifies in L. Here, the fact that B is
division and splits at least at one archimedean place makes the condition for the
embeddability of RL in O particularly neat. Otherwise, it depends heavily on the
conjugation class of O.

Given a totally real Eichler pair (S, ϕ), we can then consider the Hilbert modular
variety HS that classifies isomorphism classes of triplets (A, i,L) where

• A is an abelian variety of dimension [L : Q] = 2n,
• i : S ↪→ End(A) is a ring homomorphism, and
• L is a polarization of type (1, d2, ..., dg) on A.

The scheme HS is 2n-dimensional, non-complete and defined over Q. Actu-
ally, this is a particular case of the Shimura varieties mentioned above: HS is the
union of several irreducible components, all them isomorphic to Shimura varieties
X(M2(S),I,%) for several M2(S)-left ideals I and involutions %. Imitating the con-
struction of π we then obtain, for any totally real Eichler pair (S, ϕ), a morphism

π(S,ϕ) : X(O,I,%) −→ HS
(A, ι,L) 7→ (A, ι · ϕ,L)

where ι · ϕ : S ↪→ O ↪→ End(A). Finally, and in a similar way, we also have a
morphism

πF : X(O,I,%) −→ HF

from XB into a Hilbert variety HF . However, this time HF does not correspond
to any of the Shimura varieties XB introduced above for any quaternion algebra
B (not even M2(F )). On this occasion, by HF we mean the (reduced) scheme
over Q that coarsely represents the functor attached to the moduli problem of
classifying (1, d2, ..., dg)-polarized abelian varieties A of dimension 2n together with
a homomorphism RF ↪→ End(A). The variety HF has dimension 3n, and HF (C)
is the quotient of n copies of the 2-Siegel half space H2 by a suitable discontinuous
group (cf. [Sh1], [LaBi], Chapter 9). Notice that, when F = Q, HF = A2,(1,d)

is Igusa’s three-fold of level d ≥ 1, the moduli space of (1, d)-polarized abelian
surfaces.

Then, the map πF : X(O,I,%) −→ HF is constructed as above: by restrict-
ing the endomorphism structure of a triplet (A, ι,L) to ι|RF : RF ↪→ End(A).
The whole picture can be summarized with the following commutative diagram of
morphisms between Shimura varieties:

HS1
π(S1,ϕ1)

↗ :. ↘
π : XB

π(S2,ϕ2)−→ HS2 −→ HF → Ag,(1,d2,...,dg)
↘

π(Sn,ϕn)
:. ↗
HSn

Note that, while there is a canonical forgetful map from XB to HF , we obtain
distinct maps from XB to HS as ϕ : S ↪→ O varies among all possible Eichler
embeddings.
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3. The Atkin-Lehner group of a Shimura variety

As before, let F be a totally real number field of degree n. We denote by Pic(F )
the class group of fractional ideals up to principal ideals of F . Similarly, Pic+(F )
will stand for the narrow class group of fractional ideals up to totally positive
principal ideals aRF , a ∈ F ∗+, of F .

Let B be a totally indefinite quaternion algebra over F of discriminant D =
p1 · ... ·p2r and let O be a maximal order in B. Define the groups O∗ ⊃ O∗+ ⊇ O1 of
units in O, units in O of totally positive reduced norm and units in O of reduced
norm 1 respectively. By the Hasse-Schilling-Maass Theorem (cf. [HaSc], [Vi], p. 90)
we have the exact sequence

1→ O1 → O∗+
n→ R∗F+

→ 1.

Definition 3.1. Let NB∗(O) = {γ ∈ B∗, γ−1Oγ ⊆ O} be the normalizer of O in
B∗. The Atkin-Lehner group W of O is

W = NB∗(O)/F ∗O∗.
Let B∗+ denote the group of invertible quaternions of B of totally positive reduced
norm. We define the positive Atkin-Lehner groups

W+ = NB∗+(O)/F ∗O∗+
and

W 1 = NB∗+
(O)/F ∗O1.

Let us note that, by the Skolem-Noether Theorem, NB∗(O)/F ∗ coincides with
the group of automorphisms of O. The Atkin-Lehner group W is identified with
the group of principal two-sided ideals of O by the assignation ω ∈ W 7→ O · ω
and it is a finite abelian 2-group. More precisely, by Eichler’s results ([Ei1], [Ei2],
[Vi], Theorem 5.7), the reduced norm n : B∗ → F ∗ induces an isomorphism W '
Z/2Z× 2r... ×Z/2Z. Moreover, any involution [ω] on W can be represented by an
element ω ∈ O whose reduced norm n(ω) is supported at the prime ideals p | D. The
group W+ may and will be regarded as the subgroup W+ = {[ω] ∈W : n(ω) ∈ F ∗+}
of W , and both coincide whenever Pic+(F ) ' Pic(F ). From the above, we obtain
the exact sequence

1→ R∗F+
/R∗2F →W 1 →W+ → 1.

Here, a totally positive unit u ∈ R∗F+
is mapped to any αu ∈ O∗+ with n(αu) = u,

whose existence is guaranteed by the Hasse-Schilling-Maass Theorem in its integral
version (cf. [HaSc], [Vi], p. 90). In this way, we obtain that W 1 is isomorphic to the
direct product

W 1 ' R∗F+
/R∗2F ×W+ ' (Z/2Z)s

for some positive integer s ≤ (n − 1) + 2r. The bound for s follows from Dirich-
let’s unit theorem and the inclusion W+ ⊆ W . Its precise value can actually be
determined in terms of the behaviour of signatures of elements of R∗F .

3.1. Modular interpretation of the Atkin-Lehner group. In his Ph.D. thesis,
Jordan described the modular interpretation of the action of the positive Atkin-
Lehner group W+ on Shimura curves ([Jo]). This can be extended to the higher
dimensional cases, and we do so now. The action of B∗+ ⊂ GL+

2 (R)n on Hn by
Moebius transformations descends to a free action of W 1 on the set O1\Hn of
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complex points of the Shimura variety XB = X(O,I,%), for any choice of a left
O-ideal I and a positive involution %.

The action of an involution ω ∈ W 1 can be modularly interpreted as follows.
Let P = [(A, ι,L)] denote the isomorphism class of a polarized abelian variety
with multiplication by O viewed as a closed point of X(O,I,%). Then ω acts on the
triplet by keeping the same isomorphism class of the underlying abelian variety A
but conjugating the endomorphism structure ι : O ↪→ End(A) and switching the
polarization L. Namely, ω(P ) = [(A, ιω ,Lω)] where

ιω : O ↪→ End(A)
β 7→ ω−1ι(β)ω

and Lω := ω∗(L)
n(ω) is 1

n(ω) -times the pull-back of the primitive polarization L by the

isogeny ω ∈ O ι
↪→ End(A). In other words, if we regard the first Chern class E =

c1(L) of L as an alternate bilinear form on V = Lie(A(C)), then c1(Lω) : V ×V −→
R, (u, v) 7→ E((ω/n(ω))(u), ω(v)). See Section 5 and [Ro2] to check that this does
correspond to the first Chern class of a primitive polarization A compatible with
ιω. From this interpretation and by standard moduli considerations, it follows that
W 1 ⊆ Aut(XB) acts on XB as a subgroup of algebraic involuting automorphisms
over Q.

Remark 3.2. If ω ∈ O∗+, n(ω) = u ∈ R∗F+
, then ω can be viewed as an automorphism

ω ∈ Aut(A) ' O∗ of A. This automorphism induces an isomorphism of triplets
ω(A, ι,L) = (A,ω−1ιω, ω∗(L)/u)

ω' (A, ι,Lu) where Lu is a principal polarization
on A such that, although L 6' Lu, both induce the same Rosati involution on
End(A) ⊗Q.

In the literature (cf. [Sh1], [Mi]), L and Lu are called weakly isomorphic. It
is easy to see that O∗+/O1 acts freely and transitively on the set of isomorphism
classes of a given weak polarization class on A.

Remark 3.3. There is a natural moduli theory for polarized abelian varieties with
QM up to weak isomorphism which is also considered in [Sh1]. Both theories coin-
cide in dimension 2 (because it corresponds to F = Q), but for higher dimensions
the latter is coarser and less suitable for our purposes.

Remark 3.4. We wonder in what circumstances W 1 is the full group of automor-
phisms ofXB. The impression is that, generically, it does hold that Aut(XB) = W 1,
but of course the term generic should be made precise in any case. The split case
of an order O in B = M2(Q) was classically studied by Ogg, who found that the
modular curve X0(37) is an interesting exception to the prediction that, whenever
the genus of a modular curve is at least 2, W = W 1 = Aut(XO). For Shimura
curves XO with O in a rational division quaternion algebra B/Q, this question was
investigated in [Ro1]. For higher dimensional Shimura varieties, it seems to hold
that whenever O∗ does not contain torsion units (besides ±1), W 1 = Aut(XO,I,%)
(cf. [Ro1], Theorem 2).

4. Main theorem and corollaries

As remarked in the introduction, the type of the primitive polarizations of the
abelian varieties parametrized by the Shimura variety X(O,I,%) is determined by
the datum (O, I, %). The following was proved in [Ro2] and makes this observation
explicit.
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Proposition 4.1. The polarizations of the abelian varieties with quaternionic mul-
tiplication (A, ι,L) parametrized by X(O,I,%) are principal if and only if:

• Disc(B) = (D) is a principal ideal of F generated by a totally positive
element D ∈ F ∗+.
• nB/F (I) and the codifferent ϑ−1

F/Q = {x ∈ F, trF/Q(xRF ) ⊆ Z} of F over Q
lie in the same ideal class in Pic(F ).
• The positive anti-involution on B is % = %µ : B → B, β 7→ µ−1β̄µ for some
µ ∈ O such that µ2 +D = 0.

For the rest of the note, we will focus on moduli spaces of principally polar-
ized abelian varieties, and therefore we place ourselves under the assumptions on
(O, I, %µ) of Proposition 4.1. We thus assume in particular that disc(B) = (D)
for some D ∈ F ∗+ and that µ ∈ O satisfies µ2 + D = 0. In this case we say that
(O, I, %µ) is of principal type and we will simply denote by Ag the moduli space
Ag,(1,...,1).

Our main Theorem 4.4 below describes how the modular maps introduced in
Section 2.1 factor through the quotient of XB by certain subgroups of W 1 of Atkin-
Lehner involutions that we introduce first.

Let us say that an element χ ∈ O ∩ NB∗(O) is a twist of (O, µ) if χ2 + n(χ) =
0, µχ = −χµ and therefore

B = F + Fµ+ Fχ+ Fµχ = (
−D,−n(χ)

F
).

Further, we will say that a pair (O, µ) is twisting if it admits some twist χ and
that a quaternion algebra B is twisting if it contains a twisting pair (O, µ). Note
that a totally indefinite quaternion algebra is twisting if and only if B = (−D,mF )
for some m ∈ F ∗+, m | D.

Now let ω ∈ W 1 be an Atkin-Lehner involution of O. We say that it is a
twisting involution with respect to (O, µ) if the class of ω in W = NB∗(O)/F ∗O∗
is represented by a twist χ ∈ O ∩ NB∗(O) of (O, µ). For any subring S ⊂ O we
say that a twist χ of (O, µ) is in S if χ ∈ S. An involution ω ∈ W 1 is a twisting
involution in S if it can be represented by a twist χ ∈ S.

Definition 4.2. (1) The twisting group V0 attached to (O, µ) is the subgroup
of W 1 generated by the twisting involutions of (O, µ).

(2) The stable group attached to (O, µ) is the subgroup

W0 = V0 · U0

of W 1 generated by

U0 = NF (µ)∗(O)/F ∗Ω(S),

where Ω(S) = {ξ ∈ S, ξf = 1, f ≥ 1} denotes the finite group of roots of
unity in the CM-order S = F (µ) ∩ O and the twisting group V0.

For any subring S ⊆ O, we shall let V0(S) denote the subgroup of W 1 generated
by the twisting involutions of (O, µ) in S.

Let
X̃B = X̃(O,I,%) = π(X(O,I,%)) ↪→ Ag

denote the image in Ag by π of the Shimura variety X(O,I,%). Similarly, define
X̃B/F ⊂ HF and X̃B/(S,ϕ) ⊂ HS respectively to be the algebraic subvarieties



MODULAR SHIMURA VARIETIES AND FORGETFUL MAPS 1543

πF (X(O,I,%)) and π(S,ϕ)(X(O,I,%)) of the Hilbert modular varieties HF and HS .
Note that the classical Humbert varieties arising from Hilbert modular varieties
can be considered as a degenerate case of the above defined X̃B, since they would
correspond to the split algebra B = M2(F ).

Definition 4.3. A closed point [(A, ι,L)] on XB and its image on X̃B/(S,ϕ), X̃B/F

or X̃B will be called a Heegner point if End(A)⊗Q ' M2(L) for a CM-field L over
F .

The set of Heegner points on these varieties is discrete and dense, End(A)⊗Q =
B being the generic case.

We say that a morphism between two schemes of not necessarily the same di-
mension is quasifinite if it has finite fibres (cf. [Ha], p. 91).

Theorem 4.4. Let (O, I, %) be a quaternionic datum of principal type and let
XB = X(O,I,%) be the corresponding Shimura variety. For any totally real Eichler
pair (S, ϕ), let

HS
πS,ϕ

↗ ↘
π : XB

πF−→ HF → Ag
be the diagram of forgetful morphisms introduced before. Then

• The map πF : XB → HF is a quasifinite map that factors over Q into the
natural projection XB → XB/W0 from XB onto its quotient by the stable
group W0 ⊆ Aut(XB) and a birational morphism bF : XB/W0 99K X̃B/F

onto the image of XB in HF .
The maximal domain of definition of b−1

F is X̃B/F \ TF , where TF is a
finite set of Heegner points.
• The map π(S,ϕ) : XB → HS is a quasifinite map that factors over Q into

the projection XB → X/V0(ϕ(S)) of XB onto its quotient by the finite 2-
group V0(ϕ(S)) ⊆W0 and a birational morphism b(S,ϕ) : XB/V0(ϕ(S)) 99K
X̃B/(S,ϕ) into the image of XB in HS by π(S,ϕ).

As before, b−1
(S,ϕ) is defined on the whole X̃B/(S,ϕ) but at a finite set T(S,ϕ)

of Heegner points.

We call the sets TF and T(S,ϕ) the singular Heegner loci of X̃B/F and X̃B/(S,ϕ)

respectively, as they are indeed sets of singular points (of quotient type) on these
varieties. We present the proof of the theorem in Sections 5 and 6; we now derive
some corollaries of it.

Being subgroups of W 1, both the twisting subgroups V0(ϕ(S)) and the stable
subgroup W0 are isomorphic to the direct product of a certain number of copies
of C2. We refer the reader to [Ro3] for a detailed description of them. As a
consequence of the results proved in [Ro3] and our main Theorem 4.4, we obtain
the following.

Corollary 4.5. Let (O, µ) be a non-twisting polarized order. Then, the maps
π(S,ϕ) : XB → HS are birational equivalences for any totally real quadratic order
embedded in O and

deg(πF : XB → HF ) = 2ωodd ,
where ωodd = ]{ξ ∈ Rµ, ξf = 1, f odd }.
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Let (O, µ) be a twisting polarized order and let χ ∈ O be any twist of (O, µ).
Then, πRF [χ] : XB → HRF [χ] is a 2 : 1 map, whereas for any totally real Eichler
pair (S, ϕ) such that ϕ(S) does not contain any twist, π(S,ϕ) is birational.

Moreover,
deg(πF : XB → HF ) = 22ωodd .

In particular, note that the forgetful map πQ : XB −→ A2 from a Shimura
curve into Igusa’s moduli space of principally polarized abelian surfaces is either
of degree 2 or of degree 4 and that a necessary condition for the latter is that
B ' (−disc(B),m

Q ) for some m > 0, m | disc(B). It turns out, for instance, that for
any choice of a datum (O, I, %) of principal type of discriminant D = 6 or 10, the
corresponding forgetful map of the Shimura curve X(O,I,%) into A2 has degree 4.

5. The Néron-Severi group of an abelian variety

with quaternionic multiplication

In this section we introduce some ingredients that may be useful to make the
forgetful maps and the singular Heegner loci TF and T(S,ϕ) of Theorem 4.4 explicit
in particular cases, although we will not pursue this purpose in this note. The
content of this section will also be used in the proof of Theorem 4.4 in Section 6.

For an abelian variety A, the Néron-Severi group NS(A) is the group
Pic(A)/Pic0(A) of invertible sheaves on A up to algebraic equivalence. By Néron’s
Basis Theorem, NS(A) is a Z-module of finite rank, and we denote NS0(A) =
NS(A)⊗Z Q.

As always, letO denote a maximal order in a totally indefinite quaternion algebra
B over a totally real number field F , [F : Q] = n. Assume that A is an abelian
variety over C of dimension 2n and that End(A) contains an order isomorphic to O.
Then A is either simple or isogenous to the square A2

0 of a simple abelian variety
A0 of dimension n. In the former case we actually have that End(A) ' O, while in
the latter End(A) is an order in a CM-field L over F and End(A) can be identified
with an order in M2(L).

More precisely, and in a unified way, fix a ring homomorphism ι : O ↪→ End(A)
and let R = EndO(A) = {γ ∈ End(A) : γβ = βγ for all β ∈ ι(O)} be the commu-
tator of O in End(A). Then either R = RF or R is an order in L, but in any case
End(A) = O ⊗RF R.

We now wish to select a suitable piece of the Néron-Severi group of A and
describe it also in a unified way, regardless of whether A is simple or isogenous to
the square of a CM abelian variety. Recall that a line bundle L ∈ NS0(A) induces an
involution ◦L on End0(A), called the Rosati involution: ◦L : End0(A)→ End0(A),
β 7→ β◦ = ϕ−1

L β̂ϕL. Here, if Â is the dual abelian variety of A, we let β̂ denote the
dual endomorphism β̂ : Â→ Â of β on Â and we let ϕL : A→ Â, x 7→ τ∗x(L)⊗L−1

be the morphism that L induces from A to Â. By τx we mean the translation-by-x
map on A.

Definition 5.1. Let (A, ι) be an abelian variety of dimension 2n endowed with a
multiplication by O. The B-part of the (rational) Néron-Severi group of A is

NS0
B(A) = {L ∈ NS0(A), ◦L(B) = B}.

The B-part of the Néron-Severi group of A is the group NSB(A) = NS0
B(A)∩NS(A)

of line bundles L ∈ NS(A) on A whose Rosati involution ◦L leaves B invariant.
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If A is simple (and thus ι : End(A) ' O is an isomorphism), we do not obtain
anything new: NSB(A) = NS(A) and NS0

B(A) = NS0(A). However, when A is
not simple (and thus End0(A) ' M2(L) for some CM-field L), these are proper
subgroups of the usual Néron-Severi groups. The following extends a result proved
by the author in [Ro2] and allows us to see line bundles on A as pure quaternions
in B in a canonical way. See Section 1 for notations.

Proposition 5.2. Let (A, ι) be a complex abelian variety of dimension 2n together
with a multiplication by O. Let I be the isomorphism class of the left O-module
H1(A,Z), represented by a left O-ideal I ⊂ B. Then the first Chern class induces
a natural isomorphism of groups

NSB(A) '→ N (I)]0 ↪→ B0.

Explicitly, the isomorphism is constructed as follows: write A(C) = V/Λ for
a vector space V and a lattice Λ = Iv0, v0 ∈ V , and let L ∈ NSB(A). Let
also E = c1(L) : V × V → R be its first Chern class regarded as an R-alternate
Riemann form on V . Since E(Λ×Λ) ⊆ Z, we may consider the linear map B → Q
that sends an element β ∈ B to E(ι(β)v0 , v0). By the non-degeneracy of the
reduced trace trB/Q = trF/Q · trB/F , we can find an element µ ∈ B such that
E(ι(β)v0, v0) = trB/Q(µβ) for any β ∈ B. It follows from the alternateness of E
that µ is pure: µ ∈ B0 (cf. [Ro2] for details).

Since L ∈ NSB(A), the Rosati involution ◦L on End0(A) descends to a well-
defined involution ◦ : B → B such that, for any u, v ∈ V , E(u, ι(β)v)=E(ι(β◦)u, v).
By means of the Skolem-Noether Theorem it can be seen that β◦ = µ−1β̄µ (cf. [Ro2]
again for details). This already determines the Riemann form E = c1(L):

E : V × V −→ R
(u, v) 7→ trB⊗QR/R(µγβ̄)

where β and γ ∈ B ⊗Q R ' M2(R)n are uniquely determined elements such that
βv0 = u and γv0 = v. Observe that, since Λ = Iv0 and E(Λ×Λ) ⊆ Z, µ ∈ N (I)]0.

In what follows, the above Riemann form will be denoted as Eµ. By an abuse
of notation, we will also sometimes use the notation c1(L) = µ. It was shown in
[Ro2], Theorem 2.2, that the assignation L 7→ c1(L) is an isomorphism of groups
between NSB(A) and N (I)]0 in the case that A is simple. As the reader may check,
the proof is exactly the same as in the CM split case.

Since the rank of NSB(A) over Z is 3[F : Q] = 3n, any Z-module of the same rank
is actually isomorphic to it. The interesting part of the above description of the B-
part of the Néron-Severi group NSB(A) is that the isomorphism of Proposition 5.2
behaves nicely with respect to the degree of the line bundles L ∈ NSB(A) and also
with respect to the pull-back α∗(L) by endomorphisms α ∈ End(A) of A. Indeed,
let us define the degree deg(L) of a non-degenerate line bundle L ∈ NS(A) to be
the degree of the finite map ϕL : A → Â from A to the dual abelian variety Â
induced by L.

Proposition 5.3. If the first Chern class of L is represented by the Riemann form
Eµ with µ ∈ B0 and µ2 + δ = 0, δ ∈ F ∗, then

deg(ϕL) = NF/Q(ϑ2
F/Q · nB/F (I)2 · D · δ)2

.

The proof of Proposition 5.3 was given in [Ro2], Proposition 3.1, for non-CM
abelian varieties, but the same arguments are valid for this case as well. In order
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to describe now how the first Chern class behaves under pull-backs of line bundles
by endomorphisms, we denote by λ 7→ λ̄ ∈ L the complex conjugation on L. There
should be no confusion with the quaternionic conjugation β 7→ β̄ on B. Both
conjugation maps combine to endow B ⊗F L ' M2(L) with a conjugation map
λβ 7→ λ̄β̄ (and extended linearly). In matrices,

(
a b
c d

)
=
(
d̄ −b̄
−c̄ ā

)
∈ M2(L).

Having fixed a homomorphism of algebras ι : B ↪→ End0(A), identify End0(A)
with either B or M2(L) with B as an embedded sub-algebra.

Proposition 5.4. Let (A, ι) be an abelian variety with quaternionic multiplication
by a maximal order in B and let L ∈ NS0

B(A) be a line bundle on A compatible with
B. Denote by c1(L) = µ ∈ B0 its first Chern class regarded as a pure quaternion
in B.

Then the pull-back polarization α∗(L) of L by a rational endomorphism α ∈
End0(A) is compatible with B, that is, α∗(L) ∈ NS0

B(A), if and only if ᾱµα ∈ B0.
In this case, c1(α∗(L)) = ᾱµα.

Obviously, when A is simple the above condition is empty and all polarizations
are compatible with B. Moreover, in the simple case the relation c1(α∗(L)) =
ᾱc1(L)α was already proved in [Ro2], Theorem 2.2. However, the proof of this fact
in the CM case is not trivial and deserves a more careful inspection.

We hence assume that End0(A) = M2(L) for a CM-field L over F and we first
claim that α∗(L) induces the Rosati involution β 7→ (ᾱµα)−1β̄(ᾱµα) on M2(L).
Denote by EL and Eα∗(L) the Riemann forms on V = Lie(A) induced by L and
α∗(L) respectively. The Rosati involution ◦α∗(L) restricts to complex conjugation
on L and is characterized by the fact that Eα∗(L)(u, βv) = Eα∗(L)(β◦α∗(L)u, v) for
any u, v ∈ V and β ∈ End0(A).

The above given anti-involution is indeed complex conjugation on L, and it holds
that

Eα∗(L)(u, βv) = EL(αu, αβv) = EL(µ−1β̄ᾱµαu, v) = Eα∗(L)((ᾱµα)−1β̄(ᾱµα)u, v)

for any u, v ∈ V and β ∈M2(L).
Now that we know this, α∗(L) ∈ NS0

B(A) if and only if ᾱµα ∈ M2(L) normalizes
B. But the Skolem-Noether Theorem implies that an element in M2(L) normalizes
B if and only if it belongs to the multiplicative group L∗ ·B∗.

In order to see that actually ᾱµα ∈ B (and thus also in B0), write L = F (η),
η2 = −∆ ∈ F ∗+, and express α = α0+α1η ∈ B⊗FL ' M2(L) with αi ∈ B. Then the
reader may check that ᾱµα = (ᾱ0µα0+∆ᾱ1µα1)+trB/F (ᾱ0µα1)η. Since ᾱµα must
belong to L∗ ·B∗, then either ᾱµα = (ᾱ0µα0 + ∆ᾱ1µα1) or ᾱµα = trB/F (ᾱ0µα1)η.

We claim that the latter cannot occur and therefore ᾱµα ∈ B0, as we wish. For
if ᾱ0µα0 = −∆ᾱ1µα1, this would imply that

• nB/F (α0) = ∆nB/F (α1) and
• µαoα−1

1 = −∆ᾱ0
−1α1µ = −α0α

−1
1 µ.

It would then follow that trB/F (α0α
−1
1 ) = 0 and hence B = (−∆,−∆

F ), which is
a contradiction because B is totally indefinite while (−σ(∆),−σ(∆)

R ) is the skew field
of Hamilton quaternions, for any real embedding σ : F ↪→ R.

This proves the first part of the proposition. Assume now that α∗(L) ∈ NS0
B(A)

and thus ᾱµα = ᾱ0µα0 + ∆ᾱ1µα1 ∈ B0. In order to show that indeed c1(α∗(L)) =
ᾱµα, recall that for a polarization L ∈ NS0

B(A), the Riemann form associated to it
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is Eµ : V × V −→ R, (u, v) 7→ trB/Q(µγβ̄) where µ = c1(L) and β, γ ∈ B ⊗Q R are
the only elements such that βv0 = u and γv0 = v respectively.

We must show that Eᾱµα(u, v) = Eµ(αu, αv) for any u, v ∈ V . This follows
from direct computation provided one takes into account that, if we let ζ ∈ B⊗QR
denote the only element such that ζv0 = ηv0, then for any β ∈ B ⊗Q R we have
that αβv0 = (α0β + α1βζ)v0.

6. Proof of Theorem 4.4

Let (O, I, %) be a quaternionic datum attached to a totally indefinite quaternion
algebra B over a totally real number field F . We assume that it is of principal type
(cf. Proposition 4.1 and below). This means in particular that disc(B) = (D) can
be generated by an element D ∈ F ∗+ such that % = %µ for some µ ∈ O, µ2 +D = 0.

Let XB = X(O,I,%) be the Shimura variety attached to it. By Section 3, the
elements in the totally positive Atkin-Lehner group W 1 act as a group of rational
automorphisms on XB. Let us first show that πF : XB → HF is a quasifinite map
that factors into the natural projection

XB → XB/W0

from XB onto its quotient by the stable group W0 = U0 · V0 ⊆ AutQ(XB) attached
to (O, %).

To this end, we claim that there is an action of the stable group W0 on the
geometric fibres of the morphism πF : XB → HF that is free and transitive on a
certain open Zariski-dense subset UF of XB.

In order to prove the claim, let (A, jF ,L) be a principally polarized abelian
variety together with a homomorphism of Z-algebras jF : RF ↪→ End(A). Without
making any further mention of it, we will regard End(A) as an RF -algebra through
the given immersion jF .

The isomorphism class [(A, jF ,L)] may be interpreted as a closed point in HF .
If it is non-empty, the elements in XB of the fibre of πF at this point can then
be interpreted as those principally polarized abelian varieties with quaternionic
multiplication whose isomorphism class is represented by a triplet (A, ι,L) where
ι : O ↪→ End(A) is a homomorphism of RF -algebras such that the Rosati involution
that L induces on O, via ι, coincides with %µ.

Choose a triplet (A, ι,L) as above. Proposition 5.2 identifies NS(A) with a lattice
in B0 by means of a map that we have called c1. We warn that this identification
depends on ι, and it allows us to regard polarizations on the abelian variety A as
pure quaternions of B. In particular, since ◦|ι(O) = %µ · ι, we have that c1(L) = µ
up to multiplication by elements in F ∗.

Recall now that W0 = U0 · V0 for certain subgroups U0, V0 ⊆ W 1 that were
defined in Section 3. Let ω ∈ U0. Let L = F (µ) ' F (

√
−D) be the CM-field

generated by µ ∈ B over F and let S ⊇ RF [µ] be the order in L at which µ is
optimal. Then ω is represented by an element (that we still denote) ω ∈ S, and
we wish to show that the closed points [(A, ι,L)] and ω[(A, ι,L)] in XB lie on the
same fibre of πF .

We recall (cf. Section 3.1) that the isomorphism class of ω[(A, ι,L)] is represented
by a triplet (A, ιω ,Lω) where ιω = ω−1ιω : O ↪→ End(A) and Lω = ω∗(L)

n(ω) is a prin-
cipal polarization on A. By Proposition 5.4, it is such that c1(Lω) = ω̄

n(ω)c1(L)ω =
ω−1c1(L)ω = c1(L). Here, the last equality holds because c1(L) = µ ∈ B∗/Fj and
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µ and ω belong to the same quadratic order S embedded in O and hence commute.
Therefore c1(L) = c1(Lω), and we conclude that (A,L) and (A,Lω) are isomorphic
polarized varieties. Moreover, ι and ιω coincide when restricted to the centre RF
of O, and we obtain that (A, ι|RF ,L) ' (A, ιω |RF ,Lω), which is what we needed to
show.

Now let ω ∈ V0 be an element represented by ω ∈ O+ with n(ω) = m ∈ F ∗+
and such that B = F + Fµ + Fχ + Fµχ for some χ ∈ O, χ2 = m , µχ =
−χµ. Let [(A, ι,L)] ∈ XB be a closed point over [(A, jF ,L)] ∈ HF . We have that
ω[(A, ι,L)] = [(A, ιω ,Lω)] and we must show that (A, ι|RF ,L) ' (A, ιω |RF ,Lω).
Again, since ι|RF = ιω|RF , we only need to see that L and Lω are isomorphic
polarizations on A. To do so, we first note that α = ω−1 ·χ is a unit in O of reduced
norm n(α) = −1. This is due to the fact that the principal ideal mRF is supported
at the prime ideals p | D, as can be checked locally. This unit, or rather ι(α), is
an automorphism of A, and we now show that α∗Lω = L ∈ NS(A). Indeed, by
Proposition 5.4 and since c1(L) and χ anti-commute, c1(α∗(Lω)) = ᾱω−1c1(L)ωα =
1
m χ̄c1(L)χ = −χ−1c1(L)χ = χ−1χc1(L) = c1(L). Since W0 = U0 · V0, this proves
part of our claim.

In order to show that the action of W0 on the fibres of πF is free and transitive
in an open and dense subset UF of X̃B/F ⊂ HF , assume that [(A, jF ,L)] is a point
in X̃B/F that is represented by an abelian variety A such that ι : O '→ End(A)
is an isomorphism. In other words, we consider the fibre of πF at a non-Heegner
point. In this case, if [(A, ι,L)] lies over [(A, jF ,L)], then, by the Skolem-Noether
Theorem, any element on the fibre of πF at this point must be represented by
a triplet (A,ω−1ιω,Lω) for some ω ∈ NormB∗(O). Moreover, for Lω to be a
polarization on A, ω must have totally positive reduced norm (cf. [Ro2], Theorem
5.1). Since we clearly have that (A, ι,L) ' (A, ιω ,Lω) for any ω ∈ F ∗O1, we deduce
that there exists a subgroup of W 1 that acts freely and transitively on the fibre of
πF at any non-Heegner point.

Therefore, this subgroup must contain W0. Let us now see that it cannot be
larger than W0. Assume that ω ∈ W 1 is such that L ' Lω. Then there exists
α ∈ O∗ ι' Aut(A) such that ᾱω−1µωα = µ. Taking reduced norms, this already
implies that n(α)2 = 1.

If n(α) = 1, then ᾱ = α−1 and the above yields µωα = ωαµ. This means that
ωα ∈ F (µ)∩O = S and therefore ω ∈ U0. If n(α) = −1, then µωα = −ωαµ. Write
χ = ωα. From the discussion above, we have that tr(µχ) = µχ+ χ̄µ̄ = µχ− χ̄µ =
−tr(χ)µ ∈ F . Thus, since tr(χ) ∈ F as well, we deduce that actually tr(χ) = 0.
Since n(χ) = n(ω)n(α) = −n(ω), we obtain that χ2 = n(ω). This says that ω ∈ V0.

Now that we know this, we obtain as a consequence that πF : XB → HF is a
quasifinite map that factors through the natural projection of XB onto the quotient
XB/W0 and a morphism bF : XB/W0 → HF that is one-to-one outside the Heegner
locus of XB/W0. It is a well-known fact (see [Sh2]) that Heegner points on XB (and
thus also on the quotient XB/W0) are isolated. Since bF is an algebraic morphism,
it must be a birational equivalence between XB/W0 and its image in HF whose
inverse must be defined everywhere but at a finite set TF of Heegner points.

Moreover, since W0 ⊆ AutQ(SB), the projection SB → SB/W0 is defined over
Q. Since πF is also a morphism over Q which is the composition of the above
projection and the birational equivalence bF , it follows that bF is also defined over
Q. This finishes the proof of the first part of Theorem 4.4.
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Now let (S, ϕ) be an Eichler pair for O and identify S with its image ϕ(S) in
O. As we saw, it induces a natural morphism πS,ϕ : XB → HS from XB into the
Hilbert modular variety HS in such a way that we have πF : XB

π(S,ϕ)→ HS → HF .
As the situation is very similar to the one studied above, we will limit ourselves to
showing that the subgroup V0(S) of the stable group W0 acts freely and transitively
on the fibre of π(S,ϕ) at any non-Heegner point of π(S,ϕ)(XB) = X̃B/(L,ϕ) in HL.
This already implies that π(S,ϕ) is quasifinite.

Let [(A, ι,L)] be a closed point on XB represented by a principally polarized
abelian variety with quaternionic multiplication. From the above discussion, it is
clear that any other point at the same geometric fibre of π(S,ϕ) as [(A, ι,L)] is
represented by (A, ιω ,Lω) for some ω ∈ W0.

If (A, ι · ϕ,L) ' (A, ιω · ϕ,Lω) is an isomorphism given by α ∈ O∗, then, as we
already saw, n(α) = ±1. Write χ = ωα.

If n(α) = 1, χ ∈ S ⊂ F (µ). At the same time, we must have that, for any
β ∈ S ⊂ O, χβ = βχ. This means that χ commutes element-wise with L and F (µ).
Since the two quadratic extensions are distinct because the first is totally real while
the second purely imaginary, χ ∈ R∗F and thus ω is the identity element of W0.

If n(α) = −1, then α∗(Lω) = L implies that B = F + Fµ + Fχ + Fµχ while
α−1ιω |Sα = ι|S says that χ ∈ S. Thus ω ∈ V0(S). The converse also holds, and
the theorem follows as before. �
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